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The "critical thicknesses" of cooled plates exposed to local surface 
heat fluxes are determined. 

In [1] attention was drawn to the existence of a 
"critical thickness," at which in the presence of 
surface cooling the temperature in the center of a 
local heat source reaches a minimum. In [2] the effect 
of certain factors on the "critical thickness" of plates 
and cylindrical shells was investigated in relation to 
volume sources. 

As one of the authors of [I], V. I. Krylovich, 
correctly pointed out, in [2] the analytic expressions 
relate only to volume sources, and therefore the 
analysis is not directly applicable to the case of an 
external local heat flux (boundary condition of the 
second kind). At the same time, in many cases it is 
desirable to determine the Hcritical thickness" pre- 
cisely for a surface local heat flux. The present paper 
is devoted to the particular solution of this problem. 

We will determine the temperature field in a plane 
wall cooled on one side and heated by a local heat 
flux on the other. Two typical cases of local heating 
will be examined, namely, strip (q(x)) and circular 
(q(r)) sources of arbitrary symmetrical profile (see 
Fig. I). In both cases at a great distance from the 
heating Center x = 0 or r = 0 the heat flux intensity 
tends to zero. 

In the first case the stationary temperature field 
is described by the following system of equations: 

O~T O~T - - +  
Ox ~ Ov ~ 

= o ,  'O~<x<~ ,  o ~g .~ t~ ,  (i) 

T Ix=~ = O, (2) 

ov l o, (3) 

O Toy u=o = - - q ( x ) ,  (4) 

)~ OT y=6 
- -  = - - a T .  ( 5 )  
Og 

S i m i l a r l y ,  in the second  c a s e  we have 

O~T 1 OT 02T 
+ + - - = 0 ,  0 < r < ~ ,  0 4 g . ~ 5 ,  

OrS r Or Oy ~ (6) 

TI,=~ = o, (7) 

OTor ,=o -- O, (8) 

L ~ y=o = -  q(r), (9) 

)~ ~ v=8 = --aT. (1O) 

The so lu t ion  of s y s t e m  (1) - (5) ,  us ing  the F o u r i e r  
cos ine  t r a n s f o r m a t i o n ,  is  e a s i l y  obta ined  in the f o r m  

T(x, v ) =  Y ~ •  

i q(u) [ uchu(5 --g) + ~ shu(5--g)] 
x • 

)~u(ushuS-+-~chuS) 
0 

x cos (xu) du. (11) 

F o r  s y s t e m  (6) . (10) ,  apply ing  a z e r o - o r d e r  Hankel  
i n t e g r a l  t r a n s f o r m a t i o n ,  we obta in  

T (r, g ) =  

x J  o ((; r) d(~. (12) 
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Fig. I. Diagrams illustrating the action of strip (a) and circular (b) local heat fluxes. 
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Fig.  2. Rela t ive  c r i t i c a l  th ickness  
as a funct ion of Bi: 1) for a c i r c u l a r  
heat flux in aeeordance  with (17) ; 2) 
for  a s t r ip  heat flux in aceordanee  

with (16). 

The funct ions ~(u) and ~(a) a re  given by the r e l a t ions  

~-(u) = j - ~  j~q (x) cos (xu) dx, 2[(0) : 
0 

o 
= .t q (r) rdo (0 r) dr. (13) 

0 

Obviously,  in both cases  the m a x i m u m  t e m p e r a t u r e  
wil l  occur  on the hea t ing  sur face  y = 0. It follows 
f r o m  (11) and (12) that for  given q(x) or q(r) and c~/X 
the va lues  of the t e m p e r a t u r e  at the su r faee  y = 0 
a re  some funct ion of the th iekness  5 .  

In both eases  the e x t r e m a  of 5 can be de t e rmined  
if we d i f fe rent ia te  (11) and (12) with r e spec t  to 5 and 
equate the r e su l t s  to zero.  

A s s u m i n g  the poss ib i l i ty  of d i f fe ren t ia t ion  with 
r e spec t  to 5 i n  the in tegrand  of (11) and (12) at y = 0, 
we obtain the folowing two equat ions for the va lues  
of 5 d e t e r m i n i n g  the e x t r e m a  of the t e m p e r a t u r e s  
at the hea t ing  sur face  y = 0 for the heat  flux d i s t r i -  
but ions cons ide red :  

(o ~ -  a21k ~) .'o (~ r) (14) ~(o)d O. (I 

(0 sh 05  4- a/k ch o5)  e 
0 

-q(u) du =0, (1 5) 
(u ~ {:L2/~ 2) COS UX 

(u sh u 5 § a/)~ ch u 8) 2 

When specif ic  q(x) and q(r) are  given,  the d e t e r m i n a -  
t ion of the points  on the sur face  with m a x i m u m  t e m -  
p e r a t u r e s  f rom (11) and (12) and then,  f rom (14) and 
(15), the co r r e spond ing  va lues  of 5, at which the te rn-  

pe r a t u r e s  at these  points have a m i n i m u m ,  does not 
involve any fundamenta l  d i f f icul t ies .  

As an example we will  cons ide r  the cases  

q(x) =qo 0 4 x . < l ,  q(x)=0 l<:x, (16) 

q(r)=qo O-~r~<l, q(r)--O l<:r. (17) 

Subst i tut ing (16) and (17) into (13) and then into (14), 
(15), we obtain the following equat ions for  the r e l a -  
t ive c r i t i c a l  th icknesses  5 = 6//: 

(u -~ - -  BP) sin u du 0, (1 8) 
�9 u (u sh  u 5 t Bi ch u 8) ~ 
0 

i (~-~ - -  BP) J1 (o) _ d ~ = 0 .  (19) 
(o sh o 5 ~ Bi ch o 6) ~ 

0 

The rea l  pos i t ive  va lues  of the roots  ~ of Eqs. (18) 
and (19), depending on the given va lues  of Bi, a re  
found n u m e r i c a l l y  by the chord method.  The in t eg ra l s  
were  evaluated on a computer  us ing  SimpsonVs ru le  
with automat ic  se lec t ion  of the in tegra t ion  step. The 
r e s u l t s  are  p r e sen t ed  in Fig.  2 in the form of curves  
showing the re l a t ive  c r i t i ca l  th ickness  as a funct ion 
of the n u m b e r  Bi. 

It would be de s i r a b l e  to make  s i m i l a r  i nves t iga -  
t ions for cy l ind r i ca l  and spher ica l  she l l s ,  for  the 
case  of a moving t e m p e r a t u r e  field and for  other  laws 
of va r i a t i on  of the sur face  source  profi le .  These will  
be the subject  of future  communica t ions .  

NOTATION 

T is the d i f ference  T i -  T c, where  T i i s  the t e m -  
p e r a t u r e  at a given point ,  T c the t e m p e r a t u r e  of the 
medium;  ~ is the heat t r a n s f e r  coefficient;  q(u) is 
the cosine  t r a n s f o r m  of the funct ion q(x); ~(~) is the 
z e r o - o r d e r  Hankel t r a n s f o r m  of the funct ion q(r); 
Jn  is the Besse l  funct ion of the f i r s t  kind of r ea l  a rgu -  
men t  of o rde r  n; 5 is the r e l a t ive  th ickness ,  5 = 5//; 
Bi = c~l/X. 
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